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Abstract 
We consider when two proper arcs t, and t, in a ball or handlebody I/ are parallel. A 
necessary and sufficient condition of t, and t, being parallel given in this paper is as 
follows: V- int N(t, U t2) 3 (V- int N(ti)) \( a solid torus) for i = 1 and 2, where tl denotes 
boundary connected sum. 
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1. Introduction 
There are several papers studying when arcs in a ball, a handlebody or a surface 
xl are standard [4,5]. In this paper, we consider when two proper arcs t, and t, in 
a ball or a handlebody I’ are parallel. A necessary and sufficient condition of t, 
and t, being parallel given in this paper is as follows: I/ - int N( t, u t2) E (I/ - 
int N(ti)) h (a solid torus) for i = 1 and i = 2, where N( * 1 denotes a small tubular 
neighbourhood and b denotes boundary connected sum. (That is, X tj Y is a 
3-manifold obtained by identifying a disc on 3X with a disc on aY.> 
We work in the piecewise linear category. All manifolds and surfaces will be 
assumed compact and orientable, and submanifolds will be assumed to intersect 
transversely. 
A triple (E, F, L) is called a manifold with n wormholes if E is a connected 
3-manifold and F is a subsurface in aE and L = (I,, I,, . . . ,l,) is a set of disjoint 
This research was partially supported by Fellowships of the Japan Society for the Promotion of 
Science for Japanese Junior Scientists. 
0166-8641/95/$09.50 0 1995 El sevier Science B.V. All rights reserved 
SSDI 0166-8641(94)00050-D 
66 C. Hayashi/ Topology and its Applications 62 (1995) 65-76 
simple loops on F. E is not necessarily irreducible, and F is not necessarily 
connected. If F = aE, then we abbreviate (E, aE, L) to (E, L). 
We can regard the loops L as attaching circles of 2-handles which worms have 
eaten. If L’ = {I,, . . . , lk} is a subset of L, then T(E, L’) denotes the 3-manifold 
obtained by attaching a 2-handle h(li) along every loop Ii in L’, and a(F, L’) 
denotes the surface obtained by doing surgery on F along the loops in L’. In the 
case of a single loop, we abbreviate 4E, {I}), a(F, {I}> to T(E, I), a(F, 1) respec- 
tively. The symbol ~(1~) c7(E, L’) denotes the cocore of the 2-handle h(l,) for 
1 < i < k. Let #‘) = {y(l,), . . .,y(lk)). The triple (7(E, L), a(F, L), y(L)) is 
called the associated n-arcbody with (E, F, L). 
A set of loops L! = {I,, . . . , Ik} c L is primitive in (E, F, L) if there are disjoint 
proper discs D,, . . . , D,cEsuchthatCrDicFandthatIaDinljI =6,,forl<igk, 
1 <<j <n, where Sij = 1 (if i =j) and 0 (if i #j). If L’ is primitive, then in the 
associated n-arcbody we can push the strings y(C) into the surface a(F, L) along 
the discs lJ D,. Hence each string in y(Z) is unknotted in 7(E, L) and every pair 
of strings in y(L’) are parallel if they have their endpoints in the same component 
of a(F, L). When E is a handlebody, Gordon [51 gives a condition for L to be 
primitive as follows. 
Theorem 1.1 (Gordon [5]). Let (E, L) be a manifold with wormholes. Suppose that 
r(E, L’) is a handlebody or a ball for every subset L’ c L, where L’ may be d, L. 
Then L is primitive. 
Let (E, F, L) be a manifold with n wormholes where L = {l,, . . . , I,}. We say 1, 
and I, are coparallel and write 1, 11 I, if there is a proper disc D c E such that 
aDcF, that (aDnliI = 1 for i=l, 2 and that aDfI(U(13,...,ln})=~, Note that 
y(l,> and ~(1~) are parallel in the associated n-arcbody when 1, II I,. We write 
I, H I, if 1, II 1, does not hold. We will show the following. 
Theorem 3.5. Let (E, L) be a manifold with two wormholes where L = U,, 12). 
Suppose that T(E, L) is a handlebody or a ball, and that E E T(E, li) h (a solid 
torus) for i = 1 and 2. Then 1, 1) I,, and hence two arcs y(l,) and y(l,) are parallel in 
7(E, L). 
To prove Theorem 3.5, we define the notion I, + 1,. Let (E, F, L) be a 
manifold with n wormholes where L = {II,. . . ,I,). We write I, + 1, if I, and 1, are 
in the same connected component of F and if 1, is primitive in the manifold with 
wormholes (E, F, L - {I,)). See Fig. 1. 
This relation “ -+ ” satisfies the transitive law (Lemma 4.3). We write I, c) I, if 
1, + 1, and 1, + 1, hold simultaneously. 
Note that if I, (I 1, then clearly 1, ++ 1,. The converse is not always true (Example 
4.41, however the following theorem gives a condition that the converse holds. 
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Theorem 3.2. Let (E, F, L) be a manifold with two wormholes where L = (I,, 12}. 
Suppose that the surface a(F, ii) is incompressible in r(E, ii) for some i. If 1, c* l2 
then 1, (I 1,. 
The following theorem relates Theorem 3.2 to Theorem 3.5. 
Theorem 2.7. Let M be a 3-manifold with incompressible boundary. Let H, be a 
l-handle, and D, the cocore of H,. Let E be a 3-manifold obtained by adding H, to 
M. We assume that H, has both attaching discs in the same connected component of 
aM. Let 1 be a simple loop on aE such that I1 n aD, I is minimal up to isotopy. If 
r(E, 1) = M, then I1 f’ aD, 1 = 1, so that 1 is primitive in the manifold with a 
wormhole (E, 1). 
The author would like to thank Tsuyoshi Kobayashi for giving the simple proof 
of Theorem 3.2. (The original proof uses cut-and-paste arguments only.) 
2. Manifolds with a primitive wormhole 
Lemma 2.1. Let X be a 3-manifold. Let G be a subsurface of ax. Suppose that G is 
incompressible in X. Let H be a l-handle, and D, the cocore of H. Let Y be a 
3-manifold obtained by adding H to X on two discs in the same connected component 
of G. Let F be the surface obtained by doing surgery on G along H, i.e., F = cl(aY - 
(ax - G)). Let D be a proper disc in Y such that aD c F. Then one of the following 
holds. 
(1) aD is nonseparating in F. Then CiD is isotopic to aD, in F. Moreorler D is 
isotopic to D, if X is irreducible. 
(2) D is a compression disc of F and aD is separating in 
isotoped so that aD n aD, = 6 in F and that aD bounds on F a 
F. Then aD can be 
l-holed torus with a 
Fig. 1 
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nonseparating loop 80,. Moreover D can be isotoped so that D cuts off a solid torus 
with the meridian disc D, from Y if X is irreducible. 
(3) aD bounds a disc on F. 
When G is a sphere, D is not type (2). 
The above lemma is very well known. See for example Claims 1 and 2 in the 
proof of Lemma 3.4 in Kobayashi and Nishi [8]. Similar arguments prove the above 
lemma. 
Lemma 2.2. Let F be a connected closed St.&ace. Let H be a l-handle, and D, the 
cocore of H. Let C be a 3-manifold obtained by adding H to F X [O, 11 with the 
attaching discs on F x (1). Let X_ = F X {O}, and aC+ = aC - aC_. Let 1 be a simple 
loop on K, which is isotoped so that I 1 I-I 30, I is minimal. Suppose that I 1 n aD, I 
a 1. Then one of the following holds. 
(1) a(aC,, 1) is incompressible in T(C, 1). 
(2) 7(C, 1) z F x [O, 11 tj (a lens space - an open 3-ball). 
To prove Lemma 2.2 we need the following handle addition theorem. 
Theorem 2.3 (Jaco [7], Wu [lo]). Let S be a compressible surface in the boundary of 
a 3-manifold M. Let 1 be a simple loop in int S such that S - int N(1) is 
incompressible. Then the surface a(S, 1) is incompressible in r(M, 0. 
Proof of Lemma 2.2. D, is a compression disc of X,. If aC+ - int N(l) is 
incompressible, then handle addition theorem implies (1). Suppose that aC+- 
int N(1) is compressible in C. Let D be a compression disc. Since aD f? I= fl and 
I1 n aD, I z 1, the disc D is type (2) in Lemma 2.1. aD bounds on aC+ a l-holed 
torus T with the nonseparating loop aD,. We have 1 c T since I1 f~ 30, I 2 1. 
When I1 n aD, I a 2, D splits r(C, 1) into a punctured lens space and a 3-manifold 
homeomorphic to F x [0, 11, hence (2) holds. When I1 n aD, I = 1, r(C, 1) is 
homeomorphic to F x [0, 11, and a(aC+, 1) is incompressible in T(C, 1). 0 
To prove Theorem 2.7, we need the following three facts 2.4-2.6. 
Lemma 2.4 (Floyd and Hatcher [3, Lemma 2.21). Let F be a connected closed 
surface. Let S be a closed incompressible surface in F X [O, 11. We assume that no 
component of S bounds a ball in F X [O, 11. Then S is isotopic to a union of fibers 
F x {x}. 
We recall Haken’s finiteness theorem (e.g. Jaco [6, 111.20, Theorem]). 
Theorem 2.5 (Kneser and Haken). Let M be a 3-manifold. There is a nonnegative 
integer n,(M) such that if {F,, . . . , F,) is a collection of painvise disjoint, incompress- 
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ible and &incompressible surfaces with positive genus and spheres none of which 
bounds a ball in M, then either n < n,(M) or Fi is parallel to Fj in M for some i #j. 
Scharlemann and Thompson have shown that every Heegaard splitting of 
(closed surface) x [O, I] is standard. 
Theorem 2.6 (Scharlemann and Thompson [9]). Let F be a connected closed surface. 
Let Ci be a 3-manifold obtained by adding n l-handles to F X [0, l] for i = 1, 2. We 
assume that all the attaching discs are in F X 11). Let K,, denote Xi -F X IO}, and 
let h : K, + -+ aC,+ be a homeomorphism. Suppose that C, u ,, C, G F X [0, 11. Then 
the pair (C, u h C,, h(aC,+)) is homeomorphic to the pair (F x [O, 11, F x 
U/2&+z(S3, T), h w ere T is the standard unknotted tonrs in S3 and # denotes 
connected sum. 
The main result in this section is the following. 
Theorem 2.7. Let M be a 3-manifold with incompressible boundary. Let H, be a 
l-handle, and D, the cocore of H,. Let E be a 3-manifold obtained by adding H, to 
M. We assume that H, has both attaching discs in the same connected component F 
of aM. Let 1 be a simple loop on aE which is isotoped so that I1 n aD, I is minimal. If 
r(E, 1) 3 M, then 11 n aD, I = 1, so that 1 is primitive in the manifold with a 
wormhole (E, 1). 
Proof. Let H, be the 2-handle attached to E along 1, and let D, and t, be the 
core and the cocore of H, respectively. Let M, be “plastered” T(E, 0, that is, 
M, = T(E, I) u (&r( E, 1) x [0, 11). There is a homeomorphism h : M,, + M. 
Claim 1. 1 n aD, z 6. 
Suppose that 1 n aD, = @. Then D, is a proper disc in T(E, 1) = M. Since aM is 
incompressible, aD, bounds a disc D, on ar(E, 1). Since H, has both attaching 
discs in a component F of aM, one of the endpoints of the cocore at, of H, is in 
D, and the other is in cl(F’ - D,) where F’ is the component of ar(E, 1) obtained 
by doing surgeries on F. Otherwise H, would have the two attaching discs in 
distinct two components of aM. Hence we can isotope 1 on aE so that I= i3D,. 
Then S = D, U D, is a sphere. Note that S is nonseparating in M, - M because 
H, has both attaching discs in F. Hence S, h(S), h2(S),. . . CM, is a set of 
infinitely many spheres where h’(S) is nonseparating in h’(M, -M). Note that 
h’( M, - M) are disjoint submanifolds imbedded in M,, each of which has S’ x S2 
as a connected summand. This contradicts Theorem 2.5. 
Claim 2. F’ X (0) c aM, and F are parallel in M,. 
We can regard the 3-manifold cl(M, - M) as obtained by adding a l-handle H, 
and a 2-handle H, to a&?, 1) x [0, 11. Hence Claim 1 allows us to apply Lemma 
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2.2 to this 3-manifold, and we have that F is incompressible in cl(M, -M). If (2) 
of Lemma 2.2 held, then similar arguments as in Claim 1 would lead to a 
contradiction. Since F is incompressible also in M, F is incompressible in M,,. 
Assume for a contradiction that F’ X (0) and F are not parallel. Then we can take 
infinitely many incompressible surfaces F, h(F), h*(F), . . . CM, where h’(F) and 
h’+‘(F) are not parallel. Lemma 2.4 implies that h’(F) and hj(F) are not parallel 
if i # j. This contradicts Theorem 2.5. 
Thus Claim 2, Theorem 2.6 and Lemma 2.1 imply that I I n 3D, I = 1. 0 
3. Proof of being parallel 
The following lemma is well known. We omit the proof. See Lemmas 2.4 and 2.6 
in [2]. 
Lemma 3.1. Let F be a surface with hyperbolic structure. Let a, b be simple loops on 
F. Let min 1 a f~ b 1 denote the minimal number of the intersection points a n b up to 
isotopy of a and b. Then there are unique loops CY, p which are geodesics isotopic to a, 
b respectively. Moreover I a f~ f3 I = min I a n b I or (Y = p. 
Theorem 3.2. Let (E, F, L) be a manifold with two wormholes where L = {l,, 12). 
Suppose that the surface a(F, li> is incompressible in T(E, ii) for some i. if 1, @ 1, 
then 1, II 1,. 
Proof. We assume without loss of generality that the surface c+(F, 1,) is incom- 
pressible in r(E, 1J. 
Let R,, R, c E be discs showing 1, + I,, 1, + 1, respectively. Note that aR, is 
nonseparating in F because I aRj f~ li ( = 1 for i = 1 and 2. Let X be the 3-mani- 
fold obtained by cutting E along R,. Note that X is homeomorphic to 4E, 1,) 
since I aR, f~ 1, I = 1. Because a(F, 1,) is incompressible in T(E, I,>, Lemma 2.1 
implies that CIR, and aR, are isotopic in F. 
We take a hyperbolic structure on F. There are unique geodesics l;, l;, (Y which 
are isotopic to I,, I,, aR, N aR, respectively by Lemma 3.1. Moreover I a CI 1: I = 
min IaR, n li I = 1 for i = 1 and 2. Note that 11; n 1; I = min II, n 1, I = 0 or 1; = 1;. 
Hence we can isotope the disc R, near aR, and get a disc R such that l3R n 1: I = 1 
for i = 1 and 2 simultaneously. The disc R shows (1) 1; I/ P2 or (2) I; = 1; and 1; is 
primitive in (E, F, 1;). In both cases 1, II 1,. 0 
Question. Let (E, F, L) be a manifold with n wormholes where L = {l,, l,, . . . ,I,). 
Suppose that the surface a(F, L - (I,)) is incompressible in 7(E, L - {I,}). If 
1; t* lj for every pair of i and j satisfying 1 G i <j G n, then does it hold that 1, II 1, 
for every pair of s and t satisfying 1 G s < t G n? 
C. Hayashi / Topology and its Applications 62 (I 995) 65- 76 71 
Corollary 3.3. Let (E, L) be a manifold with two wormholes where L = (i,, 1J. 
Suppose that (1) the surface a(aE, li> is incompressible in T(E, li) for some i, and 
that (2) E = 4E, 1,) I< a solid torus) for i = 1 and 2. Then 1, II 1, in (E, LX 
Proof. Let h(1,) denote the 2-handle attached along li to E. The condition (2) 
implies that aE is compressible. Without loss of generality we can assume that the 
condition (1) holds for i = 1. Let F be the component of aE containing 1,. Then F 
is a unique compressible component of aE because E = cl(dE, 1,) - h(1,)). The 
condition (2) for i = 1 and Lemma 2.1 show that aE has a unique nonseparating 
compressible loop up to isotopy. Hence a(aE, 1,) is incompressible in T(E, I,) by 
the condition (2) for i = 2. We can see easily that also 1, is contained in F. Then 
Theorem 2.7 implies that 1, c) 1,. Thus Theorem 3.2 shows that 1, I( 1,. q 
Bonahon [l, Theorem 2.11 has shown the following. 
Theorem 3.4. Let M be an irreducible 3-manifold. There exists a compressionbody 
C c M for aM, unique up to isotopy, such that a(cl( M - C)) is incompressible in
cl( M - C). 
Theorem 3.5. Let (E, L) be a manifold with two wormholes where L = (I,, 1J. 
Suppose that T(E, L) is a handlebody or a ball, and that E = r(E, li) b(a solid 
torus) for i = 1 and 2. Then 1, II 1,. 
Proof. There is a disc Q properly imbedded in E so that 
(1) Q gives a decomposition E = E’ h V, 
(2) Y is a handlebody, 
(3) (&‘- int Q) c (aE - int NU, u 1,)) and 
(4) E’ does not contain a disc D whose boundary aD is nonseparating in the 
surface aE - int NO, U 12)_ 
It is sufficient that to show that 1, II 1, in (E’, L). Since T(E, li> = 7(E’, li) tj I/, 
E’t]V=E 
z T( E, Ii) tj (a solid torus) 
=T(E’, li) hVh(a solid torus). 
Hence by Theorem 3.4 we have E’ g 7(E’, li) b<a solid torus) for i = 1 and 2. 
Suppose that aE’ - int N(1, U 12) is compressible in E’. Let R be a compression 
disc. The disc R divides E’ into two connected components E, and E, where 
1; c E,. Note that 
E,hE,=E 
= T( E’, 1,) h (a solid torus) 
z T( E,, 1,) h E, tj (a solid torus). 
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Since r(E, L) is a handlebody or a ball, T(E~, Z1) is also a handlebody or a ball. 
Hence E, h E, z (a handlebody) \ E, and Theorem 3.4 implies that E, is a 
handlebody. Then Theorem 1.1 shows that I, is primitive in the manifold with a 
wormhole (E,, 1,). Similarly I, is primitive in (E2, I,). Since Z’ is connected, 
1, II 1, in (E’, L). 
Suppose that aE’ - int N(I, U i2) is incompressible in E’. Since 7(E, L) is a 
handlebody or a ball, T(E’, L) is also a handlebody or a ball. We will show that 
a~( E’, li) is incompressible in 7(E’, fi) for i = 1 or 2. Then Corollary 3.3 shows 
that I, II 1, in (E’, L). 
If r(E’, L) is a ball, then &r(E’, Ii) is clearly incompressible in T(E’, Ii) for 
i = 1 and 2. Otherwise T(E’, li) is a solid torus for i = 1 and 2, and hence 
E’ = T( E’, II) b (a solid torus) is a handlebody. Then Theorem 1.1 implies that L is 
primitive in (E’, L). This contradicts the fact that 8E’ - int N(UL) is incompress- 
ible in E’. 
We assume that T(E’, L) is a handlebody with positive genus. When the surface 
CJE’ - int N(I,) is incompressible in E’, the fact that aE’ is compressible in E’ and 
Theorem 2.3 imply that &r(E’, &) is incompressible in T(E’, f2). When aE’ - 
int N(I,) is compressible in E’, the fact that aE’ - int N(UL) is incompressible in 
E’ and Theorem 2.3 imply that ~T(E’, 11> - int N(I,) is incompressible in T(E’, 1,). 
The surface a~( E’, L) is compressible in T(E’, L) since genus(r(E’, L)) > 1. If 
~T(E’, 1,) were compressible in T(E’, 11), ~T(E’, L) would be incompressible by 
Theorem 2.3. Thus a&?‘, f,) is incompressible in T( E’, 1,). q 
4. Counter-examples 
A pair (M, T) is called an n-arcbody if M is a connected 3-manifold and 
T={t,, t*,..., fn} is a set of it disjoint proper arcs in M. When M is a ball, (M, T) 
is an n-tangle. 
Let T’ = {tI, . . . , tk} be a subset of T. We define the exterior of T’ as E(M, T’) 
= A4 - int N( u T’). Let m(T’) denote the set of meridian loops of strings T’. Then 
(E(M, T), m(T)) is a manifold with n wormholes, which we call the complemen- 
tary manifold with wormholes of the arcbody (M, T). 
A subset T’ c T is primitive, t, 11 t,, t, -+ t, if m(T’) is primitive, m(tl) II m(t,), 
m(t,) --f m(t,) respectively in the complementary manifold with wormholes. 
The main result in this section is the following. 
Theorem 4.1. There is a 3-tangle (B, T) with T = It,, t,, tS} such that (1) t, C, t, 
and t, #t2, that (2) t, + t, + t,, t, Ht2, t2Ht, and t, H t, and that (3) E(B, T) is a 
handlebody. 
The tangles in Examples 4.4 and 4.5 below will show (l), (2) in the above 
theorem. In particular one in Example 4.4 satisfies (3). 
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An n-arcbody (M, T) is &irreducible if &E(M, T) - int N(rn(T)) is incompress- 
ible in E(M, T). 
Lemma 4.2. Let (B, T) be a 2-tangle with T = (tl, t2j. Suppose that E(B, t,) is 
homeomorphic to the exterior of a knot K, c S3 with genus( K,) = g,, and that 
E(B, T) contains a properly imbedded surface F with genus F = (the rank of the 
intersection form on H,(F))/2 <g, and I aF n m(t,) I = 1. 
Then the tangle (B, T) is &irreducible. 
Proof. Suppose that D is a compression disc of aE(B, T) - int N(m(T)). The disc 
D divides B into two balls B,, B, where t, c B, and t, c B,. There is a component 
H of F n E(B,, tI) such that I aH n m(t,) I = 1. We can construct a Seifert surface 
of the knot K, with genus <g, adding discs to H. This is a contradiction. 0 
The following lemma implies that “ -+ ” satisfies the transitive law. 
Lemma 4.3. Let (M, T) be an n-arcbody. Let T,, T2 be two disjoint sets of strings of 
T and let t be a string in T - T, U T2. Suppose that t is primitive in the arcbody 
(E(M, T, U T,), T - TI U T,) and T, is primitive in the arcbody (E(M, T,), T - T2). 
Then t is primitive in the arcbody (E(M, T,), T - T2). 
Proof. Let D be a disc showing t is primitive in the arcbody (E(M, TI U T,), T - 
T, u T,), and let R be a set of disjoint discs showing T, is primitive in the arcbody 
(E(M, TJ, T - T2). We can take D so that D n R = @. 
For each string s E TI we add copies of the disc Q c R with ( 3Q n m(s) I = 1 to 
D at all the points of aD n m(s) (see Fig. 2), and get a disc showing t is primitive 
in the arcbody (E(M, T,), T - T2). 0 
Example 4.4. In the 3-tangle (B, T) in Fig. 3(l), it holds that t, - t, and in fact 
t,Itt,. First we show t, - t,. The string t, is primitive in the arcbody 
(E(B, (tl, t2}), t3). Actually there is a properly imbedded disc D, c ECB, T) such 
Fig. 2. 
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: I2 tE 3 t1 t2 
- t2 L 1 
(1) (2) 
Fig. 3. 
that I Xl, fl (dt, U t,)> 1 = 3 and that I all, n m(t,) I = 1. Hence we can regard t, 
as an arc on the boundary aE(B, (tl, tJ). 
In order to describe the situation in a picture, we cut aE(B, {tl, t2}) along 
meridian loops m(t,), m(t,) and have a 4-holed sphere and t, cut into four arcs. 
Thus we have Fig. 3(2). 
We construct a disc of t, -+ t,. First we take a parallelism D, E E(B, {tl, t2}) of 
t, II t, in the 2-tangle (B, it,, tJ). aD, is as in Fig. 4(l). Note that I Xl, n t, I = 1. 
We can isotope aD, so that a& n t, = 6. Actually when we isotope CD, along 
t, in an adequate direction as in Fig. 4(2), we have aD, n t, = @, / aD, n m(t,) I = 5 
and I aD, n dt,) I = 1. Of course this isotopy of aD, is extended to an isotopy of 
D,. Hence we have a disc of t, + t,. If we isotope aD, along t, in the inverse 
direction, then we get a disc of t, + t,. 
Second we show t, H t,. In order to see that (B, T) is a-irreducible we see that 
both (B, (tl, t3)) and (B, I&, t3}) are a-irreducible. Lemma 4.3 shows that t, -+ t, 
because t, is primitive in (E(B, {tl, t2}), tJ and t, + t,. Similarly t, + t,. Then 
Lemma 4.2 implies that the tangles (B, It,, t3)) (B, (t2, tJ> are a-irreducible. Thus 
the tangle (B, Tl is a-irreducible. 
Fig. 4. 
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Suppose that t, II t,. We will show that E(B, t,) is homeomorphic to the 
exterior of the trivial knot or that of a torus knot, which contradicts the fact that 
E(B, t3) is homeomorphic to the exterior of the figure eight knot. Let P be a 
parallelism of t, 11 t,. Remember that D, is a disc showing that t, is primitive in 
(E(B, {tl, tJ>, t3). IaD, n (m(t, u t,)>l = 3. By cutting and pasting D, and P 
along D, n P we will take a disc Q showing that t, is primitive in (E(B, {tl, t2}), t,) 
which satisfies I aQ n (m(t, U t2)) I 6 3 and Q 17 P = @. First we isotope D, and P 
fixing aD, and dP so that D, f~ P contains no loops. Let (Y be one of the outermost 
arcs of D, n P on P. The arc CI cuts off the outermost disc P, from P. We can 
take (Y so that aP, n m(t,) = @. The arc (Y cuts D, into two discs, one of which 
does not intersect m(t,> and we call it R. We take the disc Qr = (Or -R) u P, 
and it holds that IQ, n P I < I D, n P I after a small isotopy of Qr, where 1. I 
denotes the number of the components. At this time note that dR n m(t I u t2) # 0 
when I aP, n m(t,> I = 1. Suppose that aR n dt, u t2) were fl, then the disc P, u R 
0 9 t 3 tl t& 
Fig. 6 
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shows that the string tz would be primitive in the tangle (B, T), which contradicts 
the fact that (B, T) is &irreducible. Hence I dQ1 f~ 4, U tJ I Q 3. We repeat this 
procedure and take discs Q,, Q2,. . . , Qk = Q where Q n P = @. Then we take a 
disc Q’ which is obtained by adding copies of the disc P to Q at all the 
intersection points aQ n m(tl). Thus we get a disc Q’ of t, + t, which satisfies 
I aQ n dt,) I < 3. 
Now it is easy to see that E(B, t3) is homeomorphic to the exterior of the trivial 
knot or that of a torus knot because E(B, t2) is homeomorphic to the exterior of 
the trivial knot. See Fig. 5. This completes the proof. 
Example 4.5. In the 3-tangle in Fig. 6, it holds that t, - t,, and t, H t,. Similar 
proof as in Example 4.4 works. 
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